Validating the structure of informal numeracy skills is critical to understanding the developmental trajectories of mathematics skills at early ages; however, little research has been devoted to construct evaluation of the Numbering, Relations, and Arithmetic Operations domains. This study was designed to address this knowledge gap by examining the structure of these three numeracy skill domains and examining the relations among these domains. Three hundred ninety-three children participated in the study (51.7% girls, 55.7% White, 33.8% African American, and 10.5% other). Results indicated that the relations among the informal numeracy skills were best explained by a three-factor model that included Numbering, Relations, and Arithmetic Operations factors, and this factor structure was the same in both younger and older preschool children.
States, throughout their schooling, lag behind their international peers in mathematics skills (Gonzales et al., 2000; Mullis, Martin, Gonzalez, & Chrostowski, 2004) . These performance disparities are evident as early as the beginning of preschool (Stevenson, Lee, Chen, & Lummis, 1990) . Even within the United States, significant performance disparities, delineated mainly along socioeconomic status (SES) lines, emerge prior to school entry (Starkey, Klein, & Wakeley, 2004) . Recognition of these performance disparities and the desire of educators, policymakers, and researchers to reduce and eliminate these performance disparities have spurred a significant increase in mathematics research over the past 15 years (Gersten, Clarke, & Mazzocco, 2007) .
One driving force in the increase of mathematics research is the National Council of Teachers of Mathematics (NCTM) Principles and Standards for School Mathematics (PSSM; NCTM, 2000) . The principles and standards were developed as a guide for research and a foundation with which to direct classroom instructional practices. In the past several years, the standards have been supplemented with the NCTM Focal Points (2006) and the National Research Council (NRC) Mathematics Learning in Early Childhood: Paths Toward Excellence and Equity report (NRC, 2009) , which further elaborated on the important skills and concepts necessary for mathematical development-especially at the preschool level. These reports, as well as a substantial body of research, indicate that the preschool years represent a formative period for children's mathematics development, and it is evident that with support, preschoolers can develop a wealth of informal mathematical knowledge (Arnold, Fisher, Doctoroff, & Dobbs, 2002; Clements & Sarama, 2007 , Klein, Starkey, Iyer, & Nishida, 2008 Lai, Baroody, & Johnson, 2008; Starkey et al., 2004) .
Informal Numeracy Skill Domains
Informal mathematics skills are those skills learned before or outside of school, often in everyday situations including play, and may not entail written-mathematical symbols or algorithms (Baroody, Gannon, Berent, & Ginsburg, 1984) . It is evident that this informal knowledge is a critical basis for understanding formal mathematics (Bryant, Bryant, Kim, & Gersten, 2006; Chard et al., 2005; Geary, 1994; Ginsburg, Klein, & Starkey, 1998; Griffin & Case, 1997; Jordan, Kaplan, Ramineni, & Locuniak, 2009) . 1 The NRC report (2009) identified Numbering, Relations, and Arithmetic Operations as the three primary aspects of informal numeracy. This report suggested that these three domains, although related in the broad perspective of numeracy development, each represents a distinct domain. Further, each of these domains is believed to be central to children's mathematical development at preschool and kindergarten ages (Baroody, 2004; Ginsburg et al., 1998; Greenes, Ginsburg, & Balfanz, 2004; Griffin, 2004; 
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Olah, & Locuniak, 2006; NCTM, 2000 NCTM, , 2006 NRC, 2009; van de Rijt, Van Luit, & Pennings, 1999) .
2 Each of these domains includes several aspects of numerical competencies that develop over time. The aspects of numerical competencies, and to which domain they belong, are listed in Table 1 . Although some researchers do not specify a particular domain to which a skill belongs (Clements, Sarama, & Liu, 2008; Griffin & Case, 1997) , others do note the domain (Ginsburg & Baroody, 2003; Jordan, Kaplan, Olah, & Locuniak, 2006; NRC, 2009; Starkey et al., 2004; van de Rijt et al., 2003) . These listings vary to a slight degree as some of the research groups utilize a different number of overall factors to define early numeracy.
Numbering
Numbering skills include children's knowledge of the rules and processes of the counting sequence and the ability to obtain quantity in a flexible manner. Specific skills noted to be aspects of Numbering include verbal counting, counting forward and backward from numbers other than one, identifying counting errors, structured counting (i.e., counting a set in a one-to-one fashion), cardinal number knowledge (i.e., understanding that the last number in the counting sequence indicates the total quantity), resultative counting (i.e., counting a set without physically touching or manipulating a the set), counting a subset, subitizing (i.e., rapidly identifying the total set size without counting), and estimation (i.e., the ability to obtain a reasonable approximation of the total set size without counting; Clements & Sarama, 2007; Griffin, 2004; Jordan et al., 2006; Sophian, 2004; Starkey et al., 2004; van de Rijt et al., 2003) .
Relations
Relations skills involve knowledge of how two or more items (collections or numbers) are connected or relevant to each other and the association between the numbers on the mental number line. Skills in the Relations domain encompass both verbal and nonverbal aspects of quantity and number comparison, as well as the skills necessary for transitioning between the nonverbal and verbal aspects of Relations. Understanding the connections between sets of quantities (e.g., set comparison, set matching, and sequencing sets; Clements & Sarama, 2007; Griffin, 2004; Jordan et al., 2006; van de Rijt et al., 1999) , understanding the relations between quantities and Arabic numerals (Clements & Sarama, 2007) , knowing the relation between Arabic numerals (e.g., numeral comparison, relative size, ordinality, number order tasks; Berch, 2005; Clements & Sarama, 2007; Jordan et al., 2006; Sophian, 2004; Starkey et al., 2004) , and knowledge of Arabic numeral names are skills within the domain of Relations. Although the NRC (2009) report indicates that numeral identification is an aspect of Numbering, such a claim is without theoretical or empirical justification. Given the nature of the other tasks in the Numbering domain-none use printed numerals-and the need to have Note. X = task that is given but not specified as belonging to a factor; N&R = indicates that a task belongs to a factor that combines Numbering and Relations; N = Numbering factor; R = Relations factor; A = Arithmetic Operations factor; NL = Numeral Literacy; NRC = National Research Council (NRC, 2009), REMA = Research-based Early Math Assessment (Clements, Sarama, & Liu, 2008) ; CMA = Child Math Assessment; NSC = Number Sense Core battery (Jordan, Kaplan, Olah, & Locuniak, 2006) ; ENT = Early Numeracy Test (van de Rijt, van Luit, & Pennings, 1999) ; NKT = Number Knowledge Test (Griffin & Case, 1997) ; TEMA-3 = Test of Early Mathematics Ability-Third Edition (Ginsburg & Baroody, 2003) . a Although Clements et. al. (2008) does not state that estimation items were assessed, some of the subitizing items (e.g., subitizing .10) are in effect estimation tasks b
In the TEMA-3, the number identification task is listed in a separate domain of numeral literacy that is distinct from all other domains. c Although the addition and subtraction with objects task was identified as belonging to the combined Numbers/Relations factor, it had a significant cross-loading on the Arithmetic Operations factor. The addition and subtraction task was listed under the Numbering factor, but there was no separate Arithmetic Operations factor because this was the only Arithmetic Operations task used.
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a knowledge of Arabic numerals to accomplish several of the Relations tasks (number comparison, relative size, number order, numerals), the number identification task theoretically best fits with the Relations tasks.
Arithmetic Operations
Arithmetic Operations refers to the understanding of the ways in which groups are composed and decomposed by differentiating sets and subsets. Although most preschool children are not expected to solve formal arithmetic problems, such as 2 1 2 = 4, many have already begun to develop an understanding of the rules and operations of addition and subtraction (Starkey et al., 2004) . This domain can be measured in a number of ways, including addition and subtraction with or without objects (Clements & Sarama, 2007; Jordan et al., 2006; Klein, Starkey, & Ramirez, 2002; van de Rijt et al., 1999) , two-set addition (Klein et al., 2002) , composition/decomposition of sets (Clements & Sarama, 2007) , and early-level formal arithmetic problems (number combinations).
Structure of Informal Numeracy Skills
Although the domains of Numbering, Relations, and Arithmetic Operations are often discussed as distinct mathematical competencies, it is not clear whether the three domains are separate aspects of informal numeracy skills or simply different means of assessing a general-informalnumeracy-skill construct. This question is evident in differences between the NCTM standards and the NRC report. The NRC report identifies ''Number,'' ''Relations,'' and ''Operations'' as the core aspects of numeracy, but the NCTM standards identify ''Numbers'' (which subsumes both Number and Relations) and ''Operations'' as the core aspects of numeracy.
The inconsistent nature of the definition of informal numeracy skills stems from the problem of a poorly synthesized research foundation. This concern is highlighted by the finding that nearly 30 distinct definitions of informal numeracy skills (frequently termed ''number sense'') have been identified in the research literature (Berch, 2005) . Further, Howell and Kemp (2005) , in an attempt to synthesize expert knowledge on the definition of number sense, found a general lack of consensus among experts in their study.
There is a clear need to synthesize the informal numeracy knowledge base and identify and support these constructs through empirical means. Well-defined constructs of informal number-related mathematics skills would result in a strong research foundation that would enhance and clarify communication within the field of early mathematics research. Without a comprehensive understanding of these early constructs, any attempts to build upon current knowledge of mathematics development may not be grounded firmly in an accurate understanding of early mathematics. Without defining and examining these foundational issues, intervention and curriculum research Purpura, Lonigan may be limited in their effectiveness and application because researchers may be working from different knowledge bases. Effective communication and efforts to synthesize research may also be impaired. Thus, the goal of this study was to address this issue by examining the structure of each of these domains and the relations among them. By identifying the structure of informal numeracy skills, delineations of how individual skills are related to the development of formal arithmetic processes can be identified.
At present, there is little systematic research that evaluates the underlying structure and nature of informal numeracy skills and empirically links these skills to the development of later formal mathematics skills. Only three published studies and one unpublished study have examined the structure of informal numeracy skills. In a sample of 411 kindergarten children (mean age 5.8 years), Jordan et al. (2006) found support for the two-factor structure identified in the NCTM standards (Number-which combined Numbering and Relations-and Arithmetic Operations). However, other researchers have identified a different two-factor structure. In a study of 333 Chinese and Finnish children (4.5 to 7.5 years old), Aunio et al. (2006) found that a two-factor structure of numeracy skills (Numbering and Relations) fit their data better than a one-factor structure. Unpublished research by Okimato (cited in Kalchman, Moses, & Case, 2001, p. 3) identified this same two-factor structure. In the only study of preschool children (360 children ages 3 to 4 years old), Clements et al. (2008) , found that a one-factor model of early mathematics skills provided an acceptable fit to their data, but they did not evaluate other potential factor structures.
The findings from these studies do not present a clear picture of the structure of informal numeracy skills because of methodological limitations. Specifically, they are limited by the measures and analytic techniques utilized in the studies. An overview of these concerns is presented in Table 2 . In the only study to directly compare different potential models of informal numeracy, Aunio et al. (2006) only compared one of the two-factor models to the one-factor model. Different findings may have been obtained if they had conducted additional model comparisons to evaluate all possible models. The same is true for Clements et al. (2008) , who only evaluated the fit of the one-factor model. The exploratory nature of the other studies (Jordan et al., 2006; Okimato, cited in Kalchman et al., 2001) did not allow for the direct comparison of models but rather identified a single good-fitting model. This exploratory approach restricts the potential for identifying certain models due to factors such as the type and number of measures selected for analysis. Although Jordan et al. (2006) identified the two-factor model as the best fit to the data through exploratory factor analysis (EFA), they also identified a potential three-factor model (Numbering, Relations, and Arithmetic Operations). However, they rejected the three-factor model because it was subject to a Heywood case (i.e., negative estimated residual variance). One common cause of Heywood cases is underidentification of a model (i.e., only one or Note. N = Numbering; R = Relations; AO = Arithmetic Operations; EFA = exploratory factor analysis; CFA = confirmatory factor analysis.
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two tasks load on a factor). In their study, there were only eight numeracy tasks that could load onto the three factors, and this likely is the cause of the Heywood case. Because of the limited number of tasks they included, it was highly unlikely that a three-factor model could have been identified. This concern also extended to the findings from the Aunio et al. (2006) and Okimato (cited in Kalchman et al., 2001 ) studies because of their limited measures of Arithmetic Operations. If a broader array of measures was utilized across these studies, different model structures may have been identified.
Overview of the Current Study
Knowledge of the structure of the three domains is critical for understanding the development of informal numeracy, identifying children at risk for later mathematical difficulties, and developing a framework for effective intervention. A clearly defined model of early numeracy skills can enhance communication among researchers and enable them to develop a platform of knowledge that can be used to synthesize research findings in the field. This study was intended to identify the model that best represented the underlying structure of and relations among the Numbering, Relations, and Arithmetic Operations domains in a sample of preschool children by examining the specific skills that comprise each domain and directly comparing five potential structural models. This study took place in three steps. First, utilizing a broad array of skills indicative of each construct, each domain was validated utilizing exploratory factor analysis and confirmatory factor analysis (CFA). This step was necessary to ensure that the constructs were unidimensional and each task assessed the intended construct. Second, the evaluation of the relations among the constructs was completed by comparing five models of informal numeracy skills through a series of CFAs. A confirmatory approach to this evaluation was used, rather than an exploratory approach, because a priori hypotheses of model structure were identified in the research base (e.g., Aunio et al., 2006; Clements et al., 2008; Jordan et al., 2006; NCTM, 2000; NRC, 2009 ) and a confirmatory approach allowed direct comparisons between models. The models that were compared were (a) the three-factor model of Numbering, Relations, and Arithmetic Operations presented in the NRC report (2009); (b) the two-factor model indicated by the NCTM standards and Jordan et al. (2006) with Numbering and Relations skills as one factor and Arithmetic Operations as another factor; (c) the two-factor model suggested by Aunio et al. (2006) and Okimato (cited in Kalchman et al., 2001 ) with Numbering and Arithmetic Operations as one factor and Relations as a separate factor; (d) another two-factor model in which Numbering was a separate factor from Relations skills and Arithmetic Operations; and (e) the one-factor model reported by Clements et al. (2008) . Finally, a multigroup measurement invariance model was used to examine if the same model was the best fit to the data for the younger and older preschool children.
Construct Evaluation of Preschool Numeracy

Method Participants
Data were collected in 45 public and private preschools serving children from families with low to middle socioeconomic statuses living in two counties in northern Florida. The 393 children who completed the assessment were evenly split by sex (51.7% female) and approximately representative of the demographics of northern Florida (55.7% Caucasian, 33.8% African American, and 10.5% other race/ethnicity). Children ranged in age from 37.6 months to 71.8 months (M = 57.0 months, SD = 9.02 months), were primarily English-speaking, and had no known developmental disorders. Parental consent was obtained for each participating child.
Materials
Children were assessed using the Preschool Early Numeracy Skills (PENS) Test (Purpura, 2010) . This measure consists of three separate subtests: Numbering, Relations, and Arithmetic Operations. A broad perspective of these three domains was used to account for the developmental complexities of children's mathematical competencies in which each subtest consists of seven to nine tasks. The tasks assessed within each subtest are representative of the range of skills assessed by other early numeracy measures and they were originally modified and revised from tasks or items utilized on those measures (Clements et al., 2008; Ginsburg & Baroody, 2003; Griffin & Case, 1997; Jordan et al., 2006; Klein et al., 2002; van de Rijt et al., 2003) . This measure was designed as a research tool to assess informal numeracy at both broad (many tasks were assessed) and deep (a range of items for each task was assessed) levels.
Items on the PENS Test were derived by a process using item response theory that ensured that each item was related to its intended construct, had adequate discrimination (a parameter), and did not duplicate the difficulty level (b parameter) of other items on the same task. Through this process, 25 distinct tasks were developed, each with 3 to 9 items that spanned the developmental continuum for each skill. Internal consistency scores were calculated for each task using Cronbach's alpha. According to George and Mallery (2003) , internal consistency scores greater than .70 are considered to be in the acceptable range. See Tables 3, 4 , and 5 for descriptions, set sizes, and internal consistency scores of all tasks.
Procedure
Assessment Procedure
Children were assessed on all three subtests of the PENS test. Assessments were conducted by individuals who had either completed or Purpura, Lonigan Table 3 Descriptions, Number of Items, Set Sizes, and Reliability for the Numbering Tasks   Skill   Description   Sets   Reliability Verbal counting Children were asked to count as high as possible. When a child made a mistake, or correctly counting to 100 without making a mistake, the task was stopped. The highest number counted to was converted to a score based on a 7-point scale. Children were awarded one point each for correctly counting to 5, 10, 15, 20, 25, 40 , and 100. The examiner started a count sequence (either forward or backward) and, at a specified number, instructed the child to continue counting until told to stop.
Forward from: 5 and 10 Backward from: 4, 7, 10
.82
Counting error identification c,d,e
Children were asked to identify correct or incorrect sequences of counting. The examiner counted a set of either 5 or 10 dots correctly or incorrectly. Some of the count sequences were incorrect due to repetition of numbers, reversal of numbers in the counting sequence, skipping numbers, or skipping dots. Children were asked if the counting sequence was correct. If the child stated that the sequence was incorrect, the examiner asked the child what was wrong with the counting sequence. Children received one point for recognizing that an error was made and an additional point if they could identify what the error was. No points were awarded for the correctly counted item.
Reverse, skip, double count .84
Structured counting Children were presented with a set of dots and asked to count the set.
3, 6, 11, 14, 16 .79
This task was assessed in the context of the structured counting task. At the completion of three of the five structured counting items, children were asked to indicate how many dots there were in all. A correct response indicated that the child understood the last number counted means ''how many. '' 3, 6, 11 .75
Resultative counting a Children were instructed to place their hands underneath their knees and not touch the dots while counting them out loud.
3, 8, 16, 20 .68
(continued) Children were presented with a specific quantity of objects (e.g., 15) and asked to count out a smaller set of objects (e.g., 5) from the larger set. In the second part of this task, which also had four items, children were presented with a set of pictures of both dogs and cars. The child was instructed to count all of one type of picture. Subset: 3, 4, 8, 16 Category: 3, 8, 16, 20 .82
Children were briefly presented (2 seconds) with a set of pictures and instructed to say how many dots or pictures were presented.
1-7
.69
On the first two items, children were shown a set of dots (e.g., 10 or 20) and asked to estimate the number of dots on the page. A response was considered correct if the child provided a response within 25% of the exact answer. On the other three items, children were presented with four sets of dots (10, 20, 50, and 100) and asked to identify which was a specific number. (Ginsburg & Baroody, 2003) . Table 4 Descriptions, Number of Items, Set Sizes, and Reliability for the Relations Tasks The child was presented with a line of pictures. The child was asked to identify the nth picture in the line.
1st, 2nd, 4th, 8th, 10th
.73
Relative size
On the first two items of this task, children were shown an array of five numbers (one number at the top of the page and four at the bottom of the page). They were asked to identify which of the numbers at the bottom of the page was numerically closest to the number at the top of the page. The second two items were presented verbally and without the printed arrays. Children were presented with three to five cards each with a set of dots of varying quantity. Children were instructed to order the sets from fewest to most. To receive credit for an item, children had to order correctly all sets of dots.
1,5,9 2,3,4 1,2,3,4 2,3,4,5,7
.79 On the first three items in this task, children were presented with different sets of dots. They were instructed to take blocks from a pile and make them look just like the set of dots. For the last three items in this task, children were shown a main set of pictures and four sets of other pictures, each with a different quantity. One of the second set of pictures had the same quantity of images as the primary set of pictures. Children were directed to identify which sets had the same number of pictures. .63
Number identification Children were presented with flashcards of nine numbers that ranged from 1 to 15. They were shown the flashcards one at a time and asked, ''What number is this? '' 1, 2, 3, 7, 8, 10, 12, 14, 15 .90
On the first three items in this task, children were presented with a numeral at the top of the page and four sets of dots below. They were instructed to identify which of the sets meant the same thing as the number at the top of the page. On the last three items of this task, children were presented with a set of dots at the top of the page and four numerals at the bottom. They were instructed to identify which of the numerals meant the same thing as the set of dots at the top of the page. (Ginsburg & Baroody, 2003) .
f Task was modified from the Number Knowledge Test (Griffin & Case, 1997) . The examiner placed an empty box on the table in front of the child and stated how many discs he or she was placing in the box (e.g., 2). The examiner then placed the quantity of discs into the box, one at a time.
The examiner informed the child that another quantity (e.g., 1) of discs was being added to or subtracted from the box. The new quantity was then placed in (or removed from) the box. The child was asked to identify how many objects were now in the box. Story problems Children were presented verbally with story problems that did not contain distracters (e.g., irrelevant information). These story problems were simple addition or subtraction problems that were appealing to children. Two empty boxes were placed on the table. The examiner placed a series of discs into the boxes one at a time (alternating the box the discs were placed in). Of the six initial equivalence items, two had the same number of discs, two items had a box with one more disc than the other, and two items had a box with two more discs than the other. When the examiner had finished placing discs in each box, children were asked if the boxes contained the same or a different number of discs.
Two: Equal sets Two: One set has one more Two: One set has two more .47
Two-set addition/ subtraction b After each question on the Initial Equivalence task, the examiner then added discs to or subtracted discs from one of the boxes. The child was then asked if the boxes had the same or a different number of objects.
Children were awarded one point as part of the two-set addition/ subtraction score for correct responses on the second part of this task.
One: subtract .41
(continued) Children were presented with a set of blocks (e.g., six) and a picture of a different quantity of objects (e.g., a picture of three tables). Children were instructed to divide the objects equally among the images so that all sets were equal (e.g., two blocks were placed on each picture of a table.
4/2 = 2, 6/3 = 2, 10/2 = 5, 9/2 = 4R1, 13/4 = 3R1
.74
Number composition and decomposition a Children were presented with a set of objects on the table and informed verbally of the quantity. The objects were hidden and more objects were either added or subtracted from the initial set. The new set was presented and the child was asked to identify how many objects were either added or subtracted from the initial set. were working toward completion of a bachelor's degree. Assessments took place in the local preschools during noninstructional time in a quiet room designated by the individual preschool directors. Each domain-specific subtest took approximately 20 to 35 minutes to complete. Assessments typically were conducted in three separate testing sessions, one for each subtest. Subtests were administered in a nonfixed order where assessors selected order based on factors such as time constraints and administration concerns. Tasks within each subtest were administered in a fixed order.
Analytic Procedure
Step 1: Construct evaluation. The first step of the analysis was to examine the constructs of Numbering, Relations, and Arithmetic Operations. The purpose of this step was to examine how well the purported skills within each domain actually represented the targeted construct. Because no prior studies have evaluated the individual structures of each domain and a broad definition of each domain was utilized, exploratory factor analyses were conducted within each domain to ensure they comprised a unidimensional structure. Three CFAs, one for each domain, were then conducted to assess how well each task fit within its respective domain and how well the overall construct fit the data. Although several tasks had low internal consistency, a significant factor loading was indicative of the task significantly contributing to the model. Therefore, in the model analysis, all tasks, regardless of internal consistency, were included in the analyses.
3
Step 2: Model comparison. The second step of the analyses was to compare the models explaining the relations among informal numeracy skills. The five alternative models of children's informal numeracy skills were evaluated using CFA in Mplus version 5.1 (Muthén & Muthén, 2008a) . One threefactor model, three two-factor models (Numbering 1 Relations, Arithmetic Operations; Numbering 1 Arithmetic Operations, Relations; Numbering, Relations 1 Arithmetic Operations), and one one-factor model were compared. Maximum likelihood estimation was used and x 2 difference tests along with standard fit statistics were compared to determine the best-fit model.
Step 3: Measurement invariance of models. To evaluate the stability of the factor structure across the preschool ages, a multigroup measurement invariance model was analyzed. For this analysis, children were divided into groups of younger and older preschool children (the age split was based on which children would be attending kindergarten the following year and which children would remain in preschool for another year). Model comparisons similar to Step 2 were conducted for each group separately. Then, the model fit was compared in the context of a multigroup analysis (Muthén & Muthén, 2008b) .
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Results
Preliminary Analyses
Total scores for each task were computed by summing the items from each task. Means, standard deviations, ranges, skew, and kurtosis for each task are presented in Table 6 . No tasks exhibited significant skew or kurtosis. Correlations between the tasks are presented in Table 7 . All tasks were correlated significantly at p \ .01. Differences by sex on each task were examined. On one task, two-set addition/subtraction, boys performed 
Purpura, Lonigan
significantly better than did girls, F(1, 392) = 6.26, p = .013, d = .25. However, when the Benjamini-Hochberg correction was applied to correct for Type I error, this effect was no longer significant. There were no other statistically significant differences by sex.
Step 1: Construct Evaluation
Raw total scores were used in all the analyses. Maximum likelihood EFAs were conducted to evaluate the unidimensionality of each factor. For each analysis, only one eigenvalue was greater than 1.0, and each task significantly loaded on the factor indicating that each factor represents a unidimensional construct. CFAs for each numeracy domain were conducted separately. All models were identified. Correlated residuals were included between specific skills that were measured within the same task to allow for common measurement variance due to the nature of the task. These model parameters included correlations between the residuals for the structured counting and cardinality tasks as well as between the residuals for the initial equivalence and two-set addition/subtraction tasks. Inclusion of these parameters improved the model fit but did not change the structure of the model. Fit indices for the three domains are presented in Table 8 . x 2 /df ratios less than 2.0 are indicators of good fit, and ratios greater than 2.0 but less than 3.0 are indicators of modest fit. Standardized root mean square residual (SRMR) values of less than .08, Comparative Fit Index (CFI) and Tucker Lewis Index (TLI) values of greater than .95, and root mean square error of approximation (RMSEA) value of less than or equal to .05 are indicators of good fit. Additionally, an RMSEA value between .05 and .08 is an indicator of a moderate fitting model (Hu & Bentler, 1999; Yu, 2002) . All three models were a good fit to the data. All tasks significantly loaded on their respective factor. These findings support the constructs of each individual domain and indicate that the purported tasks for each domain fit their respective constructs.
Step 2: Model Comparisons The fit of the five possible one-, two-, and three-factor alternative models of Numbering, Relations, and Arithmetic Operations were evaluated using CFA. As was done in Step 1, all models contained correlated errors between the structured counting and cardinality tasks as well as between the initial equivalence and two-set addition/subtraction tasks. Inclusion of these parameters improved the fit of the models but did not alter the structure of these models. 4 Although all models fit the data well, the three-factor model fit the data the best and was the only model that met all of the previously mentioned criteria for a good fitting model. Further, the x 2 difference tests revealed that the one-and two-factor models yielded significantly worse fits to the data than the three-factor model. To control for age and adjust for potential age-related differences in overall performance, age was covaried out of the model. Model comparison results were identical to the original results, but the correlations between factors for the age-adjusted results were moderately lower for the age-adjusted results. The age-adjusted results are reported in Table 9 . Parameter values for the three-factor model are shown in Figure  1 . All tasks loaded significantly on their respective factor. Despite the fact that the three-factor model provided the best fit, correlations between the factors were high (see Figure 1) , ranging from .80 to .88. Given the high correlations among factors, a three-factor model with a second-order ''numeracy'' factor was also tested. Results were identical to the regular threefactor model and thus are not reported separately. To evaluate if tasks had strong associations with the other factors, modification indices were examined. Modification indices are the improvement in x 2 model-fit if a parameter is included in the model (e.g., allowing the factor to cross-load or solely load on another factor). Muthén and Muthén Note. N = 393. CFI = Comparative Fit Index; TLI = Tucker-Lewis Index; AIC = Akaike Information Criterion; BIC = Bayesian Information Criterion; RMSEA = root mean square error of approximation; SRMR = standardized root mean square residual. .78
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.88 Figure 1 . The three-factor model of preschool informal numeracy skills (N = 393). Ovals represent latent variables and rectangles represent observed variables. All values represent standardized coefficients. All factor loadings are significant at p \ .001.
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(2008b) recommend only adding model loadings that have large modification indices and that would dramatically improve model fit. Results of this analysis indicated that only one task (counting error identification) loaded significantly better on another factor (Relations). Age-adjusted model comparison analyses were reevaluated with that task loading on the Relations factor and the three-factor model continued to provide the best fit to the data. Because this task significantly loaded on the Numbering factor, there was no theoretical justification for the task to be a part of the Relations factor, and there was no difference in the model comparison analyses, the counting error identification task was retained on the Numbering factor.
Step 3: Multigroup Analyses
When the model comparisons were evaluated separately by age group, the three-factor model fit the data best for both younger and older preschool children.
5 When the model comparisons were evaluated in the context of the multigroup analysis, results indicated that there was partial measurementinvariance on only one task (initial equivalence varied in its loadings across ages). The model comparison analyses were conducted both with and without the initial equivalence task. No differences between the results of the analyses were noted. Additionally, Muthén and Muthén (2008b) indicate that when only a small number of tasks are shown to vary between groups, the overall model can appropriately be described as invariant between groups (i.e., stable model constructs between age groups). As there was no difference in the factor structure between age groups, only the overall results from Step 2 are reported.
Discussion
The results of this study indicate that informal numeracy skills in preschool children are represented best by the three highly related but distinct factors of Numbering, Relations, and Arithmetic Operations, and the structure of these factors is the same for younger and older preschool children. These results are consistent with the three-factor model presented in the NRC (2009) report and contrast with the two-factor model presented in the NCTM (2000) standards. The findings also differ from earlier studies of young children's informal numeracy skills that have either reported that the three domains are subsumed by a unidimensional construct (i.e., Clements et al., 2008) or are explained by two underlying dimensions (i.e., Aunio et al., 2006; Jordan et al., 2006; Okimato, cited in Kalchman et al., 2001 ). There are two central differences between this study and earlier studies that may account for the contrasting results. First, this is the only study to examine the structure of early numeracy skills using a broad and deep measure of each of these three constructs, and second, this study Purpura, Lonigan utilized statistical and methodological techniques that allowed the three-factor model to be compared directly to other potential models.
Prior studies of the relations among informal numeracy skills have used assessment measures that either were not constructed to assess all three factors or automatically grouped together skills from two of the domains within one construct without testing for the unidimensionality of that construct. For example, Jordan et al. (2006) utilized a limited breadth of tasks in their assessment. Only one of their tasks (number order) was a skill often associated with the Relations domain. Further, this task is the Relations skill that, in the current study, was the most correlated to the Numbering tasks (i.e., tasklevel correlations between this task and specific Numbering tasks were as high as r = .72). By not including the range of verbal and nonverbal tasks that represent the Relations domain, the likelihood of identifying it as separate from Numbering skills was likely greatly reduced in their study. Other studies were similarly limited because they did not include distinct measures of Arithmetic Operations (Okimato, cited in Kalchman et al., 2001) or because they automatically grouped Arithmetic Operations tasks with the Numbering tasks (Aunio et al., 2006) . Although the measure used in one other study (Clements et al., 2008) did include specific items that measured the breadth of numeracy skills, the items were designed to fit the overall measure and were not intended to be combined into individual tasks (e.g., the items ''subitize 6'' and ''subitize 10'' were included on their measure, but there were no other subitizing items). In the current study, an array of informal numeracy skills that span the range of children's mathematical abilities were assessed. Each of the tasks used represented a specific skill associated with one of the three early numeracy domains and the tasks included items that assessed the entire range of ability for that skill.
The assessment of a broad range of skills for each factor made it possible for a confirmatory approach to be used in the examination of all five potential models of informal numeracy skills. This method allowed for the direct comparison, relative to one another, of the different models that have been presented in the literature. Prior research had either utilized an exploratory approach (Jordan et al., 2006; Okimato, cited in Kalchman et al., 2001) or only examined one-or two-factor models in a confirmatory framework (Aunio et al., 2006; Clements et al., 2008) . A central issue with utilizing EFA methodology is that findings can be impacted by chance variations in the data (Kline, 2005) . Given the already high correlations among informal numeracy skills, additional chance variation in the data makes analyses, such as EFA, particularly susceptible to misidentification of models. In those studies that took a confirmatory approach to model evaluation (Aunio et al., 2006; Clements et al., 2008) , only select model comparisons were made. It is evident from the findings of the current study that all potential modelsregardless of comparative fit-provided an acceptable overall fit to the data. Further, all two-factor solutions provided a better fit to the data than Construct Evaluation of Preschool Numeracy did the one-factor model, and the three-factor provided a better fit than did the one-and two-factor models. Thus, without the direct comparison of all potential models-including the three-factor model-there would be a high likelihood of identifying another structure as the best fit to the data. Consequently, due to these measurement and methodological concerns, a range of different model structures has been supported in the literature.
Given the methodological concerns of prior research and the strong relations among factors, it is understandable why conceptualizations of early numeracy skills differed between the NRC report and the NCTM standards. As these two documents are intended to provide a framework for both research and practice, it is critical that they be developed using detailed and empirically rigorous research. The identification of a three-factor model of informal numeracy skills that is invariant across the preschool period fills an important gap in the current understanding of the development of mathematics-related skills and can be utilized in future revisions of the standards framework. Most of the prior work examining the structure of these skills has been conducted with samples of kindergarten-age children (e.g., Aunio et al., 2006; Jordan et al., 2006; Okimato, cited in Kalchman et al., 2001 ). The same is true for most of the longitudinal work evaluating the predictive ability of these skills (Bryant et al., 2006; Chard et al., 2005; Griffin & Case, 1997; Jordan et al., 2009) . As these skills can be assessed in children as young as 3 years of age, the skills represent distinct constructs, and they can be improved through intervention (Arnold et al., 2002; Clements & Sarama, 2007; Klein et al., 2008; Lai et al., 2008; Starkey et al., 2004) , greater efforts should be taken in understanding how acquisition of these skills in preschool independently affects later mathematics development.
Understanding how different aspects of informal numeracy skills are connected is important for constructing a detailed trajectory of mathematical growth because mathematics skills are cumulative (Aunola, Leskinen, Lerkkanen, & Nurmi, 2004) and an understanding of how early mathematics skills develop can lead to better methods of intervention and better identification of appropriate teaching methods (Simon & Tzur, 2004) . For elementaryage mathematical skills, several learning trajectories have been developed within targeted areas of mathematics such as understanding exponential functions (Confrey & Smith, 1995) and fractions (Steffe, 2004) . In the area of early mathematics development, Sarama and Clements (2009) have laid out foundational developmental trajectories within each specific numeracy skill (e.g., the developmental trajectory of verbal counting skills); however, their work does not include trajectories across skills or across domains.
There is some evidence to suggest that Numbering and Relations skills play a role in the development of Arithmetic Operations skills (Aunio & Niemivirta, 2010) . These three highly related but distinct domains may actually be distinct developmental levels of early numeracy acquisition where
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Numbering and Relations may be causally related to the development of Arithmetic Operations-which may explain the high correlation between these domains-or they could develop sequentially with Numbering being necessary for the developmental of Relations skills, and Relations skills being necessary for the development of Arithmetic Operations. Further, the individual skills within domains may be causally ordered in their development. By knowing the order of development and the causal relations among the domains/skills, researchers will be able to construct curricula and assessments based on these learning trajectories that provide teachers with the means to identify and target the specific mathematical skills and concepts a child is ready to learn. Utilizing the three-factor framework, it will be possible to examine the longitudinal interactions of these early skills to identify their place and sequence in the developmental trajectory of mathematics skills.
Two necessary steps in constructing and refining a developmental trajectory of early numeracy skills are to determine the malleability of these skills and the impact that improving those skills has on the development of other skills. The evaluation of targeted aspects of the existing preschool mathematics curricula (e.g., Clements et al., 2008; Greenes et al., 2004; Klein et al., 2002 ) is central to this type of evaluation. Specifically, completing component analyses (i.e., targeted interventions on one skill domain) of existing curricula may help to determine which of these domains result in the greatest growth of children's numeracy skills. By examining the effects of certain components of a curriculum, causal attributions can be made regarding the effects one skill has on the development of other mathematics skills. These causal attributions are important because they enable researchers to define clearly the most effective sequencing of mathematics instruction and intervention. Ideally, utilizing this trajectory for future research will enable researchers to identify the central factors in the development of later mathematics skills and eventually narrow or eliminate the international and socioeconomic status performance gaps.
Although the findings of this study can be used to better understand early mathematics development, additional evaluation and support for the relations among these domains is still needed because even though the results of this study identified the three factors as separate and distinct, the factors were highly correlated with each other. Factors with such high correlations functionally may be one factor (i.e., the factors may develop at similar rates and times) or may be different developmental levels of a general numeracy domain. One possible explanation for the findings is that because each subtest was assessed by itself, the tasks within each subtest have common shared variance as a result of the testing situation, children's mood, and their attention. This shared variance may partially account for the distinctions among the factors. However, it should be noted that the factors from other studies also were highly correlated. For example, in Jordan et al.
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(2006) the factors were correlated at .68 and in Aunio et al. (2006) the factors were correlated at .88. Thus, the findings from this study were consistent with other research and may be indicative of an innate interrelation between these domains.
It is unclear if the high correlations across the studies are a true representation of the relations among these factors or if they are artificially inflated because of common underlying aspects such as cognitive abilities (e.g., working memory and visual-spatial skills), behavioral difficulties, or language skills. Specifically, research has indicated that working memory and inattention, respectively, are two of the most important factors in the development of mathematics skills (Bull, Espy, & Wiebe, 2008; Fuchs et al., 2005 Fuchs et al., , 2006 Holmes & Adams, 2006; McKenzie, Bull, & Gray, 2003; Swanson & Beebe-Frankenberger, 2004; Swanson & Kim, 2007) . Attention and working memory may decrease children's performance across all three domains and, therefore, increase the relation of the three factors.
Children's language skills may also be a key underlying influence on the relation among the early numeracy factors because it has been shown to be significantly related to their early mathematics development (Fuchs et al., 2008 (Fuchs et al., , 2010 Purpura, Hume, Sims, & Lonigan, 2011) . Fuchs and colleagues (Fuchs et al., 2008) found that it was necessary to include language skills in the prediction of third-grade children's ability to learn mathematics tasks. One reason for the potential link between language and early numeracy skills in preschool children is that limited language skills may prevent children from successfully accomplishing multiple tasks. For example, a child with limited language ability may have difficulty understanding the terms ''most'' and ''fewest'' while also have trouble understanding story problems. Thus, although these two tasks (number/set comparison and story problems) are aspects of different numeracy factors, they may be limited by the same underlying language deficit.
The potential overlap between these areas and the three early mathematics domains must ultimately be investigated to gain a clearer understanding of the relations among the three domains. As was seen when age was controlled in the analyses, the correlations between factors decreased. The initially higher correlation was likely due to age-related factors such as instructional practices, general knowledge, and strategy use. When controlled, the impact of these factors on the relations among the early numeracy domains was lessened. A similar pattern might be seen when underlying cognitive abilities, behavior, or language skills are accounted for. Understanding the links between the domains of informal numeracy skills and cognitive, behavioral, and language skills also may help to identify potential barriers to the successful acquisition of numeracy skills in general. If these cognitive, behavioral, and language factors are found to account for significant variance in the development of the three informal numeracy factors, it may be necessary to include them in an overall model of mathematics development and mathematics disability identification.
Conclusion
It is evident that more work still is needed to understand fully the constructs of early numeracy skills, how these skills relate to one another, and the developmental trajectories of these skills. However, the identification of the three-factor structure of Numbering, Relations, and Arithmetic Operations provides a platform of knowledge upon which future research on the development of early mathematics skills, including longitudinal and intervention studies, can be built. Ideally, utilizing this structure as a framework for future research will enable researchers to identify the central factors in the development of later mathematics skills and eventually narrow or eliminate early mathematical achievement gaps. Formal mathematics is school taught and involves abstract symbols often in the form of written symbols (Baroody, Gannon, Berent, & Ginsburg, 1984) .
Notes
2
Although the other skills (measurement, shapes, patterns/logical inferences, and spatial concepts)-often identified as informal geometric skills-are believed to be important for the development of formal geometry skills, they appear to be wholly different from those skills related to number development and thus are outside the scope of this discussion.
3 Models were evaluated with and without the tasks that exhibited low internal consistency. No significant differences between models were found; thus, only the results from the models with all tasks included are reported. 4 Modification indices for the inclusion of other correlated errors were examined. The inclusion of other correlated errors did not change the model fit and comparison results and are therefore not reported.
5
These analyses were conducted with and without age covaried. No differences were found between the two types of analyses.
